The notion of the depth of a binary sequence was introduced by Etzion. In this paper we show that the set of in nite sequences of nite depth corresponds to a set of equivalence classes of rational polynomials. We go on to characterize in nite sequences of nite depth in terms of their periodicity. We conclude by giving the depth distributions for all linear cyclic codes.
Introduction
In this paper we are concerned with considering the depths of binary sequences, where depth is as de ned by Etzion, 1] . Etzion showed that a linear code of dimension k contains codewords of k distinct depths, and also gave the distribution of codeword depths for Information Security Group, Royal Holloway, University of London, Egham, Surrey TW20 0EX, U.K. certain classes of codes.
We rstly show that the set of in nite sequences of nite depth corresponds to a set of equivalence classes of rational polynomials. We secondly establish an equivalence between in nite sequences of nite depth and sequences of speci ed periodicity. Thirdly we give the depth distributions for all linear cyclic codes, generalising the results in 1]. We write 0 and 1 for the sequences of all zeros and all ones respectively. If x and y are two binary sequences, then we write x+ y for the sequence obtained as the term by term modulo 2 sum of the elements of the two sequences. Finally, in a binary sequence, we de ne a 0-run of length k to be a subsequence containing k consecutive zeros.
Depths of binary sequences
Suppose s = (s i ) (i 0) is a binary sequence (either nite or in nite). We are concerned here exclusively with (n; k) linear codes, i.e. subspaces of dimension k of the n-dimensional vector space over Z 2 . We also refer to codewords of length n, by which we mean elements of the n-dimensional vector space over Z 2 .
A cyclic code C of length n is an ideal in the ring Z x]=(x n 1 We de ne the depth of an equivalence class of polynomials f(x) to be one greater than the minimum degree amongst the polynomials in f(x). We show below how this corresponds directly to the notion of the depth of a binary sequence. We also de ne the meaning of the operator for polynomials:
Note that, for convenience, we refer to the zero polynomial as having degree -1. I.e. f(x) has degree exactly d 1.
We next de ne 1 as follows.
We now establish the following simple result, which coincides with corresponding results for derivatives and integrals. 
, and so 1 g(x) is non-empty.
Now suppose f(x) 2 1 g(x). (ii) By Result 3.3 it should be clear that f d = g d 1 =d, and the result now follows. 2
We now abuse our notation slightly and also consider as a mapping from Q Z x] into Q Z x]. This is well de ned since if f(
It also follows that f(x) = f(x).
We then immediately have:
Corollary 3. De nition 3.8 (f(x)) = (s i ); i 0, where s i = f(i) mod 2 for every i.
We then immediately have the following result.
Lemma 3.9 has the following properties.
(i) is a group homomorphism from (Q Z x]; +) into (S; +).
(ii) commutes with D= , i.e. ( f(x)) = D (f(x)), for every f(x) 2 Q Z x].
As we did with the operator, we now abuse our notation slightly and also consider as a mapping from Q Z x] into S. This is well de ned by the de nition of '.
We then have the following results. The result now follows.
2
We conclude by observing that if f 1 (x); f 2 (x) 2 Q Z x], then, f 1 (x) + f 2 (x) will clearly have depth equal to the greater of the depths of f 1 (x) and f 2 (x), given they are di erent. where f(x) and f 0 (x) are polynomials of degrees at most r 2 and r 1 respectively.
The result now follows.
We can now establish:
Lemma 4.2 Suppose C is a linear cyclic code of length n with the property that 1 is not a codeword. Suppose also that the maximum length of a 0-run in a codeword of C f0g
is L. Then all the non-zero codewords in C have depth at least n L.
Proof Suppose x is a non-zero codeword from C, and choose s = n L 1. Then, since C is a linear cyclic code, D s x is equal to n s consecutive bits of a non-zero codeword.
This follows by induction, since Dx is simply n 1 consecutive bits of the sum of x with a copy of x cyclically shifted by one position. Now, since C is linear and cyclic, Dx is equal to n 1 bits of a codeword, which is non-zero since x 6 = 1. for every c(x). The result now follows. 2
We are now ready to state the main result of this part of the paper, which provides a complete characterisation of the depth spectra of linear cyclic codes.
Note that in the next theorem we use jj to denote`exactly divides', in the sense that 
